PART 2

MODELLING AND CALCULATION METHODS
SECTION 4. THEORETICAL BASIS OF PUMP RODS, PIPES AND CONSTRUCTIVE CONNECTIONS CALCULATION
4.1. ANISOTROPIC CYLINDRICAL SHELLS EQUATIONS
4.1.1. Main equations of the anisotropic body thermoelasticity linear theory  
Let’s consider the 
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  in the form of tensor has the form [79, 97]:

equation of equilibrium in the components of the stress tensor
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        correlation between the components of deformation tensor and displacement vector 
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equation of deformation compatibility
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 heat conduction equation
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Duhamel-Neumenn correlation
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Having solved (4.5) upon the deformation, it is able to write
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Here and hereafter latin indices 
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. In the above formulas indices, separated by commas, denotes the operation of  covariant  differentiation of  a scalar, covariant components of vector, and a tensor, upon the equations 
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 – Christoffel symbols of the second kind, determined by components of the metric tensor [5]. 

In the above formulas: 
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 –elastic stiffness tensor components of anisotropic body, which meets the  conditions of symmetry 
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 – components of symmetric tensor, which plays the role of thermal stress; 
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  For thermoelasticity tasking, except the correlations (4.1) - (4.5), it is necessary to specify more initial and boundary conditions. Initial conditions are setting at the pre-given distribution of the temperature in the body at time  
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where 
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For the heat equation the basic boundary conditions are being used:

 - boundary conditions of the first kind, when the temperature distribution  upon the surface is given
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 – boundary conditions of the second kind, if, for each point of body surface, the density of heat flow is given
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where 
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 – components of normal vector toward surface
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 – heat exchange boundary conditions of the third kind, which require that the flow of heat through the surface of the body been  proportional to the difference between body surface temperature and the temperature of external environment 
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where 
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 – coefficient of heat transfer from the body surface;

 – boundary conditions of the fourth kind (two bodies ideal contact conditions)
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where the point
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Heat exchange boundary conditions may be mixed. In this case on the parts of surface 
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 are set a different conditions (4.9)–(4.12).

Besides the boundary conditions of heat transfer, in problems of thermoelasticity it is necessary to set a mechanical conditions on the surface 
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 – external load (the first major problem)
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– displacement (the second major problem)
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 – contact conditions (the mixed problem), if on the part of the surface 
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 is being set a displacement, and on the other part – a load.
4.1.2. Reduction of three-dimensional equations of thermoelasticity transversely isotropic body to two-dimensional analogue. Method of Legendre polynomials.
The main object of study is thin-walled elements of constructions. Therefore, based on a single approach (the method of Legendre polynomials) of the reduction of three-dimensional equations to two-dimensional analogue, let’s cite both the known correlation theory equations, and derived new ones. Among other known methods of reduction [3, 97, 98, 113, 116] chosen the method of Legendre polynomials [23, 90] because it allows to obtain equations of the theory, which strictly enough satisfy the boundary conditions on the front surface of the thin-walled element, which is important for the tasks of contact interaction.

Based on the definition [29] that the shell – is a locus, formed by a normal length 
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- unit vector in the direction of the main curvatures of the median surface. If the vector 
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 -is the radius vector of any point of the shell, then the  formula for the square of the distance between the points on the median surface and in the shell has the form
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and between the coefficients of the first quadratic form and Lame coefficients 
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In the coordinate system 
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 the equilibrium equations (4.1) have the form [29, 90]
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For the correlations between deformations and displacement are have got
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Proceeding from the Duhamel-Neumenn correlation(4.5), thermoelasticity correlations for transversely isotropic body have the form
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 – corresponding coefficients of linear expansion and Poisson (with transformations 
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For the reduction of three-dimensional correlation system toward two-dimensional analogue had been used the method of required functions development to the series of Legendre polynomials from the transverse coordinate 
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 [87].
By using the chosen method, the components of displacement vector, stress and deformation tensor are given as
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Placing (4.18) to the formulas (4.15)–(4.17), are obtaining such a correlations:

for generalized deformations
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for generalized strains

[image: image103.wmf](

)

,

,

1

2

2

,

1

2

2

)

(

1

1

2

2

0

2

b

«

a

+

¢

=

a

¢

n

¢

+

a

+

-

l

+

n

+

n

-

+

=

a

a

bb

aa

aa

zk

zk

k

T

T

zzk

k

k

k

e

k

G

N

T

k

E

N

e

e

E

k

N



[image: image104.wmf](

)

.

1

2

2

),

2

)

(

(

1

2

2

0

k

k

k

T

T

k

k

zzk

zzk

e

k

G

N

T

e

e

e

k

E

N

ab

ab

bb

aa

+

=

a

¢

+

la

-

+

l

+

+

¢

=


(4.20)

From the three equilibrium  equations (4.15) are obtaining an infinite system of two-dimensional differential equations concerning generalized strains
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At the derive of equations, have been supposed
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Based on the theorem about the function approximation and its derivative of the Legendre polynomials, have got, that the equations (4.21) are satisfying the boundary conditions on the front shell surfaces.
4.1.3. Reduction to finite systems of equations. {1,0} - approximations
The obvious advantage of the system of equations (4.21) is that it depends on both spatial and curvilinear coordinates
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. However, lowering of original problem dimensionality on the unit leads to an infinite system of differential equations. In practice are using the finite system, leaving in the development (4.18) a limited number of members. This naturally raises the question of choice of the number of been left members who would, on the one hand, be allowed to sufficiently reflect the essence of the original three-dimensional problem, and on the other – it is required that  the resulting system would has been solvable in applied problems. This, actually, contains the essence of the reduction procedure. 
{1,0} – approximation 
The chosen approximation means, that
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By the theorem of approximation of function and its derivative by  Legendre polynomials [90] for the development of the stress tensor components have got (here included the boundary conditions for 
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(4.23)

Components of deformation and temperature tensors are approximated by the expressions
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(4.24)
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Taking into account the (4.23), the formulas (4.20), boundary conditions on the frontal surfaces and correlation between the function approximation coefficients and its derivative [90], the correlation of elasticity of such an approximation has the form
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(4.25)

and the geometric correlations thereafter
 

[image: image127.wmf],

1

1

1

1

,

1

1

1

1

),

(

,

1

1

,

1

5

,

1

1

1

1

1

1

1

0

0

0

0

0

1

1

1

0

0

1

2

0

0

0

0

0

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶a

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶b

¶

=

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶a

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

¶b

¶

=

b

«

a

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶a

¶

=

÷

ø

ö

ç

è

æ

-

¶a

¶

+

=

-

÷

÷

ø

ö

ç

ç

è

æ

+

¶

¶

+

¶a

¶

=

a

b

a

b

b

a

b

a

b

a

a

b

ab

a

b

a

b

b

a

b

a

b

a

a

b

ab

b

b

a

b

a

a

aa

a

a

a

a

a

a

a

a

a

b

b

a

b

a

a

aa

u

A

A

u

A

u

A

A

u

A

e

u

A

A

u

A

u

A

A

u

A

e

u

A

A

u

A

e

u

k

A

u

A

h

u

e

e

u

k

A

u

A

A

u

A

e

z

z

z

z


(4.26)

In this case, from the infinite system of equations (4.21) remains five equations of the form
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Thus is obtained a closed system of two-dimensional thermoelasticity equations to determine the displacements, strains and deformations in the shell. If to substitute the correlations (4.25) and (4.26) to the system (4.27), then are getting a system of five equations to determine the generalized displacements. For the closure of the equilibrium equations system(4.27)it is necessary to include the boundary conditions on the contour of shell. To simplify the record, are accepting that the edges of shell coincides with the coordinate lines. The main boundary conditions for the edge 
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 free edge
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          clamp-hinged edge
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 rigidly clamped edge 
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Taking into account, that by the formulas (2.64)
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      and by the approximation (4.23)
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it is easy to obtain more accurate formula for the normal displacements of the frontal surfaces of the shape. Having solved the system of equations (4.29), have obtained
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Similarly for the tangential displacements
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Correlations of the type (4.30) are effectively used in the contact interaction tasks [87, 90].
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Fig. 4.1. Coordinate system of the surface element
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